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Abstract 

From topological viewpoint we have analysed the role of Berry phase in spin pairing 
mechanism of high Tc superconducting ground state. 

Difficulty of achieving a high transition temperature for the high temperature super- 
conductors which are doped Mott insulators via the conventional mechanism leads to a 
different approach towards pairing. Any theory of high temperature superconductivity 
should satisfy the phenomenological constraint - the order parameter has charge 2e [1] 
i.e. there is some kind of pairing. It is difficult to overcome the poor screening of the 
Coulomb interaction of the doped Mott insulators because of less effectiveness of retar- 
dation with the increment of the pairing energy. In general the normal state has shown 
peculiar properties in both charge and spin channels. In transport aspect, the linear 
temperature dependence of resistivity in a long range of temperature lOK to lOOOK, 1/T 
dependence and hole like charge carriers [2] of Hall coefficient, temperature depen- 
dence of magneto-resistance, monotonic decrease and even sign changing of thermopower 
with increase of doping [3] are anomalous with regard to the canonical phenomena in 
conventional Fermi liquid (FL) system. Spin magnetic properties have also exhibited a 
number of anomalies. Two powerful probes of spin dynamics in the cuprates - nuclear 
magnetic resonance (NMR) [4] and neutron scattering [5] are inconsistent in antiferromag- 
netic (AF) fluctuation case. More generally, the conventional view of superconductivity as 
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a Fermi surface instability resulting from an attractive interaction between quasiparticles 
is inapplicable, since according to analyses of resistivity [6] and ARPES (angle resolved 
photoemission spectra) data [7,8] there are no well defined quasiparticles or Fermi surface 
in the normal state of high temperature superconductors. ARPES experiments which 
show that the chemical potential is near the centre of the bare hole band, rule out real- 
space pairing, which is implausible for d-wave superconductor with a strong and poorly 
screened coulomb repulsion between electrons. In this note we have investigated the re- 
lation of the antiferromagnetic insulating phase and the superconducting phase in terms 
of Berry phase and hencce showed the importance of this factor in spin pairing of the 
superconducting state. 

For topological analysis of superconductivity let us consider a 2D lattice system on the 
surface of a 3D sphere in an anisotropic space with large radius. The antiferromagnetism 
may be characterised by strong spin fluctuation in 2D which enables to consider the system 
an anisotropic space. We may assume that this 2D lattice system is the CuO layer which 
plays a major role in the theory of high supereconductivity of cuprate materials. In 
a 3D anisotropic space, we can construct the spherical harmonics Yl^'^ with I — 1/2, 
|m| = I// 1 = 1/2 when the angular momentum relation is given by [9] 

J = f X p — /if (1) 

where can take the values as 0,±l/2,±l,±3/2,... This is similar to the angular mo- 
mentum relation in the case when a charged particle moves in the field of a magnetic 
monopole. Fierz [10] and Hurst [11] have studied the spherical harmonics y^"*'''. Follow- 
ing them we can write 

Y^^^ = (1 + x)- 2 (i-x)^^.J-^ [(l + a;)^-'^(l-x)'+'^] e'™^ e-^'^'^ (2) 

where x — cos6 and the quantity m and just represent the eigenvalues of the operator 
and respectively. It is noted that apart from the usual angles 6 and </), we have an 
extra angle x denoting the rotational orientation around a specified fixed axis attached 
to a space-time point giving rise to an anisotropy in the space-time manifold [12]. 
The fact that in such an anisotropic space the angular momentum can take the value 
1/2 is found to be analogous to the result that a monopole charged particle composite 
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representing a dyon satisfying the condition e/i = 1/2 has its angular momentum shifted 
by 1/2 unit and its statistics shifted accordingly [13]. This suggests that a fermion can be 
viewed as a scalar particle moving with Z = 1/2 in an anisotropic space. The specification 
of the /^-value for the particle and antiparticle states then depicts it as a chiral spinor. 
This may be associated with a spin system when electrons are polarized in one or the 
other direction. 

Now we note that when the angle x depicting the rotational orientation around the 
direction vector attached to the space-time point x^j, is gradually changed over the 
closed path < x ^ 27r it gives rise to the phase factor in the wave function. Indeed, 
the angular part associated with the angle x iii the spherical harmonics Yi"^''^ is given by 
e*'*^ where we have 

ox 

Now when x is changed to % + 5%, we find 



d{x + ^X) d{x + 5x) 

Thus the wave function will acquire an extra topological phase factor e^^^^ when the angle 
X is changed over the closed path < % < 2tt. For one such complete rotation, the 
wave function will acquire the phase 



'I'lr^^ = e'^'^^ (5) 



Thus for a closed parameter space we have the extra phase factor e*^'^^ which represents 
the Berry phase [14]. The Berry phase aquired by such a particle is given by 

where 

= 27r/x (6) 

It may be noted here that the Berry phase is associated with the chiral anomaly which is 
caused by quantum mechanical symmetry breaking when a chiral current interacts with 
a gauge field [15]. Indeed, the divergence of the axial vector current in the quantum 
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mechanical case does not vanish and is associated with the topological quantity known as 
the Pontryagin index through the relation 

? = - / Tr*F^, F,, d'x = j d.jyx = -I jd.Jl d'x (7) 

where is the axial vector current and q is the Pontryagin index. The Pontryagin index 
associated with the integral of the chiral anomaly is related to the Berry phase which 
arises when a quantum particle described by a parameter dependent Hamiltonian moves 
in a closed path. Indeed, the Berry phase acquired by such a particle is given by e"^^ 
where 

(j)B = 27r/x = Tiq (8) 

with the relation q — 2/1 [16]. The interction of this axial vector current with the 
non-Abehan SL{2, c) gauge field S^, residing on the lattice link is well known [17]. 

It is well known that antiferromagnetism is characterised by strong spin fluctuation 
in 2D which causes this strongly correlated electronic system a parity violated ground 
state known as commensurate flux state or chiral spin state. In a recent paper [18] 
the topological analysis of Heisenberg antiferromagnet on a lattice we have associated 
the Berry phase with the chirality of the fermions. The anisotropic antiferromagnetic 
Heisenberg system can be represented by a Hamiltonian 

H ^ J {S^S^ + SfS^ + A StS]) (9) 

(with i and j as two-dimensional index) where J > and A > 0. A, the anisotropic 
parameter is shown to be A = where jj, is related to the Berry phase factor. It may 
be mentioned here that the relationship of the anisotropic parameter A with the Berry 
phase factor /i has been formulated from an analysis of the relationship between conformal 
field theory in 1+1 dimension, Chern-Simon theory in 2+1 dimension and chiral anomaly 
in 3+1 dimension. It is noted that for /x = 1/2 when A = 1 one has the antiferromagnetic 
Heisenberg model. Thus in this methodology the antiferromagnetic commensurate flux 
state will correspond to the Berry phase factor /i — 1/2 and the corresponding phase will 
be given by 

= 27r// = TT , (10) 
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The parity and time reversal symmetry is spontaneously broken in this two-dimensional 
correlated electronic system . This leads to an eqivalent picture of this commensurate 
flux state before doping with the state of the chiral fermions as discussed. 

Let us now consider the state after doping. Due to a hole doping the Berry phase factor 
related to antiferromagnetic system will be changed. Doping of a hole will introduce an 
extra /i — 1/2 value to the total topological phase. As a result the total Berry phase will 
be given by 

(P'b = 2V = 27r(l/2 ± 1/2) = either or 2n. (11) 

This doped state is a superconducting ground state which can be assured from topological 
view point. This state corresponds to the Berry phase factor fj,' — or 1. Regarding the 
parity and time reversal symmetry we observe that it is restored in this doped system. We 
can refer to this change as a topological phase transition where the Berry phase factor 
fi = 1/2 is changed to /x' = or 1. In this connection we should mention here the analysis 
of Weigmann [19] where he arrived at the same result in a different way. 

Doping gives rise to superconducting phase coexisting with a spin glass phase [20] which 
arises due to frustration of the spin system. In general the motion of a single hole in an 
antiferromagnet is frustrated because it stirs up the spins and creates strings of broken 
bonds (magnetically disordered possibly in ferromagnetic phase). This idea is supported 
by ARPES experiment [7,8] which found that the bandwidth of a single hole is controlled 
by the exchange integral J, rather than the hopping amplitude t [21]. This frustration 
gives rise to a kinetic driving force for electronic phase separation causing spin-charge 
separation. In this connection the review of Emery and Kivelson [22] may be mentioned. 
This analysis helps us to write the doped antiferromagnetic system as a composite one 
which consists of (i) a bosonic system of spinless charges (holons) and a chargeless spin 
(spinon) system. 

One thing to be mentioned here that the spin-charge separation state will satisfy an 
important criteria that the transverse gauge fluctuation will be found suppressed in the 
long wavelength and low energy regime so that spinon and holon are deconfined at finite 
doping (i,e, spin-charge separation). At half filling limit, a long range AF order can be 
recovered in 2D and at finite doping, the gauge fluctuation is shown to be suppressed so 
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that one has a real spin-charge separation. But there are still residual interactions between 
spinon and holon, and spinon can always feel the existence of holon nonlocally (by seeing 
the flux quanta bound to holon) through a gauge Af^. So we may consider an interaction 
between real scalar field 0„ (for holon) and chiral spinor field ipn (for spinon) which are 
taken to transform under a rigid (global) gauge transformtion. This interaction vanishes 
in ID which we shall show in a different note and so we may say that real spin-charge 
separation is visualised. 

On account of the spin charge separation we may consider that the Berry phase factor 
/I = or 1 to be concentrated on the spinon system. There is no contribution of the 
topological phase factor n to the holons in this superconducting system. It is to be noted 
that after doping superconducting system acquires Berry phase due to unbalanced spin 
precession in the antiferromagnetic system. 

Now from the angular momentum relation of 2D lattice on 3D sphere of an anisotropic 
space 

— * 

J — f X p — jjir 

for I// 1 = or 1 (or any integer) we can use a transformation which effectively suggests 
that we can have a dynamical relation of the form 

J = f X p - //f = ? X p' (12) 

This equation indicates that the Berry phase which is associated with the integral value 
of 11 may be unitarily removed to the dynamical phase. However, to observe the effect of 
the Berry phase, we can split the state into a pair of spinous, each with the constraint of 
representing the state ii = ±1/2. Now = or 1 is achieved for a pair of spinous each 
having = ± 1/2. As the factor is associated with chiral anomaly we may associate 
a spinon with the axial vector current 

Jl = '07^75^' 

. So in our framework we may represent the spinon spinon interaction by the interction 
of the axial vector current in eqn (7) through a gauge field which will reside on the 
lattice link. This justifies the spin pairing of the superconducting state. The spin pairs 
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are in a coherent phase state as they correspond to the same phase and high temperature 
superconductivity is estabhshed by the motion of these coherent pairs which accounts for 
the high transition temperature of the cuprates. 

Previously [23] we have shown that the FQH state with v = 1/2 corresponds to the 
Berry phase factor /x = 1. So topologically we can propose an equivalent picture of 
superconducting state and v — 1/2 FQH state. In a recent publication [24] we have 
analysed the equivalence of RVB states with v — 1/2 FQH states in terms of the Berry 
phase and showed that the topological mechanism of superconductivity is analogous to 
the topological aspects of fractional quantum Hall effect with v = 1/2. This state is 
characterised by a flux 0o = |f which enables our theory to satisfy with one experimental 
constraint- the order parameter with charge 2e. This effective charge does not arise from 
the pairing of nearest neighbour holons. We beheve that these holons are transported by 
scattering which arises due to the interacting gauge between spinon and holon. Thus the 
high Tc superconductivity can be naturally viewed by inplane kinetic mechanism. Finally 
we may mention here that this analysis will be valid for a 3D antifcrromagnctic lattice 
system too and as such this topological superconductivity is just not restricted to a 2D 
system but is also feasible in 3D system also. Detailed investigation along this line will 
be pursued later on. 
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